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Equations describing a single vortex in the charged Bose liquid at zero temperature are derived. The
zero-temperature coherence length, magnetic-field penetration depth, vortex structure and energy, and lower
critical field are calculated. The vortex differs from that in type-II BCS superconductors or in neutral super-
fluids. Its core is charged, and there is an electric field inside the core. @S0163-1829~99!00845-0#A long time ago Schafroth1 demonstrated that a noninter-
acting gas of charged bosons exhibits the Meissner-
Ochsenfeld effect below the ideal Bose-gas condensation
temperature. Later on, the one-particle excitation spectrum of
the Coulomb Bose gas of high density was calculated by
Foldy,2 who worked at zero temperature using the
Bogoliubov3 approach. The Bogoliubov method leads to the
result that the elementary excitations of the system have, for
small momenta, energies characteristic of plasma oscilla-
tions. The subsequent studies were concerned with the criti-
cal exponents and the change in the transition temperature
from that of the ideal gas,4,5 with the random-phase approxi-
mation ~RPA! dielectric response function and screening,6
and with the theory of the charged Bose liquid beyond the
lowest-order Bogoliubov approximation.7–9 We found the
upper critical magnetic field Hc2(T), below which charged
bosons are condensed,10 and derived the Bogoliubov-
deGenes ~BdG!-type equations describing charged bosons in
the inhomogeneous electromagnetic field.11,12 The predicted
temperature dependence of Hc2(T) was observed in many
high-Tc cuprates.13 The magnetic-field dependence of the
specific heat14 also appeared to be consistent with that ex-
pected for the charged Bose gas.15 Recently, a parameter-free
expression for the condensation temperature of charged
bosons on a lattice has been derived, which describes the
critical temperature of a few dozen cuprates without any fit-
ting parameters.16,17 These and many other experimental ob-
servations point uniquely to the possibility of an interesting
electronic state in solids, which is a charged Bose liquid
~CBL! of preformed pairs, presumably bipolarons.18,19 Be-
sides this ‘‘application’’ aspect, charged bosons represent a
fundamental reference system of the condensed-matter phys-
ics. As follows from our analysis of the upper critical field10
and of the specific heat15 CBL does not share the critical
behavior of the BCS superfluids nor the universal @three-
dimensional ~3D!# x2y properties of neutral superfluids like
4He but exhibits an unusual critical behavior.
In this paper I formulate and solve the equations describ-
ing a single vortex in CBL at T50 K. The vortex has a
structure different from that in the BCS and neutral superflu-
ids. Its core is charged and there is an electric field inside the
core.
The Hamiltonian of charged bosons on a charge-
compensating homogeneous background ~to ensure global
charge neutrality! in an external magnetic field with the vec-
tor potential A(r) is given byPRB 600163-1829/99/60~21!/14573~4!/$15.00H5E drc†~r!F2 ~\„2ie*A/c !22m* 2mGc~r!
1 12 E drE dr8V~r2r8!@c†~r!c†~r8!c~r8!c~r!
22nc†~r!c~r!# , ~1!
where m*, e*, n , m are the mass, charge, average density,
and the chemical potential of bosons, and V(r)5e*2/e0uru is
the Coulomb repulsion with e0 the static dielectic constant of
a host material.
The equation of motion for the field operator c is
derived using this Hamiltonian. If the density is relatively
high, so the dimensionless Coulomb repulsion rs
5m*e*2/\2e0(4pn/3)1/3 is not very large, one can expect
that the occupation numbers of one-particle states are not
very much different from those in the ideal Bose gas. In
particular, one state remains to be macroscopically occupied
at T50 K. Then, following Bogoliubov3 one can separate
the large matrix element c0 from c by treating the rest c˜ as
small fluctuations:
c~r,t !5c0~r,t !1c˜ ~r,t !. ~2!
The anomalous average c0(r,t)5^c(r,t)& is equal to (n0)1/2
in a homogeneous system, where n0 is the condensate den-
sity.
Substituting the Bogoliubov displacement transformation
Eq. ~2! into the equation of motion and collecting c-number
terms of c0 , we obtain a set of the BdG-type equations.12
The macroscopic condensate wave function ~the order pa-
rameter! obeys the following equation:
i\
]
]t
c0~r,t !5F2 ~\„2ie*A/c !22m* 2mGc0~r,t !
1E dr8V~r2r8!
3@c0*~r8,t !c0~r8,t !2n#c0~r,t !. ~3!
There are also higher-order terms in rs proportional to the
density of bosons, n˜.0.2nrs
3/4
, pushed up from the conden-
sate by the Coulomb interaction at T50 K.2 They are negli-
gible even for the intermediate value of rs.1. With the same
accuracy one can take n05n .14 573 ©1999 The American Physical Society
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from the Ginsburg-Landau20 and the Gross-Pitaevskii21,22
equations, describing the order parameter in the BCS and
neutral superfluids, respectively. As recognized by London23
and discussed in detail by Vinen24 superconducting metals
and neutral superfluids ( 4He) have many features in common
with their characteristic properties resulting from the macro-
scopic quantum coherence and a short-range ~local! interac-
tion. While CBL shares the quantum coherence owing to the
Bose-Einstein condensate ~BEC!, the long-range ~nonlocal!
interaction leads to a few peculiarities. It is worthwhile to
emphasize that one should apply a bare ~unscreened! Cou-
lomb repulsion in Eq. ~3! to avoid the double counting of the
interaction in the perturbation theory diagrams.11 Actually,
the coherence length appears to be just the same as the
screening radius ~see below!.
Under the stationary conditions, Eq. ~3! supplemented by
the current density, j(r)5(e*/m*)Re@c0*(r)(2i\„
2e*A/c)c0(r)# , and by the Maxwell equations, is reduced
to a set of three nonlinear differential equations:
1
k2r
d
dr r
d f
dr2
1
f 3 S dhdr D
2
2f f 50, ~4!
1
k2r
d
dr r
df
dr 512 f
2
, ~5!
and
1
r
d
dr
r
f 2
dh
dr 5h . ~6!
As usual25 these equations are written in a form which
introduces the dimensionless quantities: uc0u5n0
1/2f , r
5l(0)r , e*j(0)l(0)curl A/\c5h for the order parameter,
length, and magnetic field, respectively. The electric field
potential given by
f5
1
e*fc
E dr8V~r2r8!@ uc0~r8!u22n# ~7!
with a fundamental unit fc5\2/2e*m*j(0)2. The coher-
ence length is about the same as the RPA screening
radius at T50 K,6 j(0)5(\/21/2m*vp0)1/2, where vp0
5(4pne*2/e0m*)1/2 is the zero-temperature plasma
frequency.2 The London penetration depth is l(0)
5(m*c2/4pne*2)1/2. Cylindrical symmetry is assumed.
There are six boundary conditions in a single-vortex prob-
lem. Four of them are the same as in the BCS
superconductor:26 h5dh/dr50, f 51 for r5‘ and the flux
quantization condition, dh/dr52p f 2/kr for r50, where p
is an integer. The remaining two conditions are derived from
the global charge neutrality: f50 for r5‘ and
f~0 !5E
0
‘
r ln~r!~12 f 2!dr ~8!
for the electric field at the origin. Besides of that the chemi-
cal potential m is zero, as it should be in the globally neutralCBL in the thermal equilibrium below the BEC critical tem-
perature.
The most realistic regime of CBL is an extreme type II
with a very large Ginsburg-Landau parameter, k
5l(0)/j(0)@1 ~see below!. In this regime Eq. ~6! is re-
duced to the London equation with the familiar solution,26
h5pK0(r)/k where K0(r) is the Hankel function of imagi-
nary argument of zero order. For the region r<p , where the
order parameter and the electric field differ from unity and
zero, respectively, one can use the flux quantization condi-
tion to integrate out the magnetic field. That leaves us with
the two parameter-free equations written for r5kr as
1
r
d
dr r
d f
dr2
p2 f
r2
2f f 50 ~9!
and
1
r
d
dr r
df
dr 512 f
2
. ~10!
They are satisfied by regular solutions of the form f 5cprp
and f5f(0)1(r2/4) when r→0. The constants cp and
f~0! are determined by complete numerical integration of
Eqs. ~9! and ~10!. The numerical results for p51 are shown
in Figs. 1 and 2 with c1.1.5188 and f(0).21.0515.
In the region p!r,pk the solutions are f 51
1(4p2/r4) and f52p2/r2. In this region the solution for f
differs qualitatively from the BCS order parameter,25 f BCS
512(p2/r2) ~see also Fig. 1!, which is a result of the local
charge redistribution caused by the magnetic field. Different
from the BCS superconductor, where the total density of
electrons remains constant across the sample, CBL allows
for the flux penetration by redistributing the density of
FIG. 1. Vortex core profile in the charged Bose liquid, f BEC, ~a!
compared with the vortex in the BCS superconductors, f BCS, ~b!.
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crease of the order parameter compared with the homoge-
neous case ( f .1) in the region close to the vortex core.
Inside the core the order parameter is suppressed, Fig. 1, as
in the BCS superconductors. The resulting electric field, Fig.
2~b!, ~together with the magnetic field! acts as an additional
centrifugal force increasing the steepness (cp) of the order
parameter compared with the BCS superfluid where c1
.1.1664, Fig. 2~a!.
The breakdown of the local charge neutrality is due to the
absence of any equilibrium normal-state solution in CBL
below Hc2(T) line. Both superconducting (DÞ0) and nor-
mal (D50) solutions are allowed at any temperature in the
BCS superconductors. Then the system decides which of two
phases ~or their mixture! is energetically favorable, so that
the local charge neutrality is respected providing the mini-
mum of free energy.27 In contrast, an equilibrium normal-
state solution of the complete set of the BdG equations ~with
c050! does not exist in CBL because it does not respect the
density sum rule below Hc2(T).10 Hence there are no differ-
ent phases to mix, and the only way to aquire a flux in the
thermal equilibrium is to redistribute the local density of
bosons at the expence of their Coulomb energy. This energy
determines the vortex free energy F5Ev2E0 , which is the
difference of the energy of CBL with, Ev , and without, E0 ,
the magnetic flux:
F5E drS 12m* u~\„2ie*A/c !c0u21 e*2 fcf~ uc0u22n !
1
~curl A!2
8p D . ~11!
By the use of Eqs. ~4! and ~6! it can be written in the dimen-
sionless form as
FIG. 2. Electric-field potential f as a function of the distance
@measured in units of j~0!# ~lower curve! together with the CBL
~upper curve! and BCS order parameters ~a!; its profile is shown in
~b!.F52pE
0
‘S h22 12 f~11 f 2! D rdr . ~12!
In the large k limit the main contribution comes from the
region p/k,r,p , where f .1 and f.2p2/k2r2; the en-
ergy is thus the same as that in the BCS superconductor, F
.2pp2 ln(k)/k2. It is seen that the most stable solution is the
formation of the vortex with one flux quantum, and the lower
critical field is the same as in the BCS superconductor,26
hc1.ln(k)/2k . However, differently from the BCS super-
conductors, where the Ginsburg-Landau phenomenology is
microscopically derived by Gor’kov28 in the temperature re-
gion close to Tc , the CBL vortex structure is derived here in
the low-temperature region. The zero temperature solution,
Fig. 2, is actually applied in a wide temperature range well
below the Bose-Einstein condensation temperature, where
the depletion of the condensate remains small. Normal
bosons pushed up from the condensate will be inhomoge-
neously distributed across the sample with the maximum
density in the vortex core, where their potential energy in the
electric field f is at minimum. The excess density of normal
bosons inside the core, n5 , is determined by the balance be-
tween the potential energy in the field f, which is about
2n5pj2Le*fc and their Coulomb repulsive energy about
(e*2/e0)n5 2p2j4L ln(L/j), where L is the length of the vortex
line. By equating these values one estimates n5 as
;n/ln(L/j), which is macroscopically small. As a result the
electric field and vortex profiles are not affected by some
redistribution of the normal component due to the electric
field.
Finally, let us estimate the size and the electric field of the
vortex core by the use of the material parameters typical for
oxides such as m*510me , e*52e , n51021 cm23, and e0
5103. With these parameters I obtain j(0).0.48 nm,
l(0).265 nm, the Ginsburg-Landau ratio k.552, and
f(0).28.4 mV. Owing to a large dielectric constant the
Coulomb repulsion remains weak even for heavy bosons,
rs.0.46. The actual size of the charged domain is about 4j,
Fig. 2~a!, i.e., about five to ten lattice spacings.
In conclusion, a single vortex problem in the charged
Bose liquid has been solved at zero temperature. Differently
from the vortex in the BCS superconductors the core of the
CBL vortex is charged and there is an electric field inside the
core. The charged Bose liquid is an extreme type-II super-
conductor with the small zero-temperature coherence length,
large London penetration depth, and with the sizable electric
field of the order of 10 mV or more inside the core. While
the magnetic field profile is the same as in the BCS case, the
electric field associated with the vortex could provide unique
evidence for charged bosons in the high-temperature super-
conductors. At higher temperatures and ~or! in a strong mag-
netic field we are left with the complicated integro-
differential BdG equations12 involving direct and exchange
Coulomb interactions of the condensate and ‘‘supraconden-
sate’’ bosons.
The author greatly appreciates useful discussions with C.
Dent, A. Junod, N. Hussey, V. Kabanov, and P. Kornilov-
itch.
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